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Abstract 



> 
ON , 

I/"") , We explain why the main conclusion of Bender et al, J. Phys. A 39, 1657 (2006), 

regarding the practical superiority of the non-Hermitian description of PT-symmetric 
quantum systems over their Hermitian description is not valid. Recalling the essential 
role played by the Hermitian description in the characterization and interpretation of the 
physical observables, we maintain that as far as the physical aspects of the theory are 
concerned the Hermitian description is not only unavoidable but also indispensable. 



PACS number: 03.65.-w 

Recently Bender, Chen, and Milton £Q have employed the path integral method to examine 
the perturbative calculation of the ground-state energy and a one-point Green's function for 
the PT-symmetric cubic anharmonic oscillator. They performed this calculation in both the 
PT-symmetric (pseudo-Hermit ian) and the Hermitian descriptions of this model and concluded 
that the use of the latter description leads to practical difficulties that are "severe and virtually 
insurmountable • • • " , and that such difficulties do not arise in the former description. 

As explained in [2j, the level of the difficulty of a calculation in PT-symmetric quantum 
mechanics depends on the quantity that one chooses to calculate. If one wishes to calculate 
the expectation value of a canonical pair of basic observables of the theory, both the descrip- 
tions/representations involve dealing with practical problems with the same degree of difficulty. 
The reason why the difficulties with the PT-symmetric representation do not surface in the in- 
teresting calculations reported in jT] is that the authors only calculate the ground-state energy 
and the one-point Green's function for the operator x. 

The difficulties with the calculation of ground- and excited-state energies in the Hermitian 
representation is already clear from the complicated expression for the Hermitian Hamiltonian 
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that was obtained in [31 |I] , and indeed the PT-symmetric representation is much more conve- 
nient for this purpose whether one uses the path-integral or operator methods. The situation 
for the calculation of the expectation value of the observables such as the position which may 
be related to the corresponding Green's functions must be treated with more care, for the very 
notion of the observable for a PT-symmetric system is a delicate issue jSJ 13 E] • Specifically, 
for PT-symmetric models such as the one considered in pQ, the x operator is not an observ- 
able. The same holds for the unitary-equivalent operator x = e~®/ 2 xe®' 2 introduced in pQ 
which is manifestly non-Hermitian and consequently fails to be an observable in the Hermitian 
representation (conventional quantum mechanics.) 

As described in [JJ [7j, the position observable is the nonlocal pseudo- Hermitian operator 
X = e Q l 2 xe~ Q l 2 , and the physical one-point Green's function is (0|X|0) CPT . The one-point 
Green's function (0|x|0) cpr calculated in [T], which takes an imaginary value, does not represent 
a physical quantity. 

It is not difficult to see that the calculation of the physical one-point Green's function 
(0|X|0) cpr is as difficult in the PT-symmetric representation of the model as the calculation 
of the non-physical one-point Green's function (0|a;|0} cpr is in the Hermitian representation. 
Therefore as far as the calculation of physical quantities such as (0|X|0) CT>T are concerned the 
"PT-symmetric description is not superior to the Hermitian description. 

The key ingredient that makes the Hermitian description of PT-symmetric systems indis- 
pensable is its crucial role in determining the operators that represent the physical observables 
of the theory as well as its utility in providing a physical interpretation for these operators 
j3[7j. In particular, once the associated Hermitian Hamiltonian is determined one can identify 
the underlying classical system and assign physical meaning to the Hamiltonian using its clas- 
sical counterpart. This has been achieved for the PT-symmetric cubic anharmonic oscillator 
in [S| and for some other toy models in IHl El CH]- For example, it was an examination of 
the Hermitian representation of the PT-symmetric cubic anharmonic oscillator that revealed 
the curious fact that up to cubic terms in the perturbation theory it described a Hermitian 
quartic anharmonic oscillator with a certain position-dependent mass [3] . See also [HI EI] . This 
has recently motivated a study of posit ion- dependent mass Hermitian Hamiltonians in terms 
of their constant-mass non-Hermitian equivalent Hamiltonians [TT] . Other evidences for the 
importance of the Hermitian representation is its role in the proof of the physical equivalence 
of the PT-symmetric and conventional massive Thirring and Sine-Gordon field theories 
and the recent construction of the equivalent Hermitian Hamiltonian for the PT-symmetric 
Hamiltonian H = p 2 — x 4 defined on a complex contour |13 3 . The latter is particularly signifi- 
cant, for the equivalent Hermitian Hamiltonian turns out to be h = lQp 2 + x 4 /64 — x/2 that is 
defined on R. This observation not only explains the physical meaning of H but it also provides 
a direct proof of the reality, positive-definiteness, and discreteness of its spectrum, a fact whose 
initial proof required quite sophisticated mathematical tools [H] . 

In conclusion, we maintain that the importance of the Hermitian representation of the PT- 
symmetric (and other) unitary quantum systems cannot be undermined by a demonstration 
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that certain calculations take a simpler form in the non-Hermitian representation of these 
systems. There are other physically relevant calculations that are at least as difficult in the non- 
Hermitian representation as they are in the Hermitian representation. More importantly, the 
quest for understanding the physical meaning and potential applications of such systems makes 
the Hermitian representation absolutely essential. Finally, we wish to emphasize a positive 
aspect of the results of pQ namely the curious identities between sums of certain Feynman 
diagrams that follow from the unitary-equivalence of the two representations. 

References 



[i 

[2] 
[3] 
[4] 
[5] 
[6 
[7 



[9 
[10 
[11 

[12; 

[13 
[14 



C. M. Bender, J.-H. Chen, and K. A. Milton, J. Phys. A 39, 1657 (2006), |hep^"th/0511229 
A. Mostafazadeh, Czech J. Phys. 54, 1125 (2004), |qTiai7t-ph/0407213l 
A. Mostafazadeh, J. Phys. A 38, 6557 (2005), |quant-ph/0411137l 
H. F. Jones, J. Phys. A 38, 1741 (2005), |quan"t-ph/0411171 



A. Mostafazadeh, quant-ph/0310164 



A. Mostafazadeh, |quant -ph/0407070 



A. Mostafazadeh and A. Batal, J. Phys. A: Math. Gen. 37, 11645 (2004), 
|quant-ph/0408132| 

A. Mostafazadeh, J. Math. Phys. 46, 102108 (2005), quant-ph/0506094| 
A. Banerjee, Mod. Phys. Lett. A 20, 3013 (2005), |quarlt-ph/0502163 
A. Mostafazadeh, |quant-ph/0508195 



B. Bagchi, C. Quesne, and R. Roychoudhury, J. Phys. A 39, L127 (2006), 
|quant-ph/0511182 



C. M. Bender, H. F. Jones, and R. J. Rivers, Phys. Lett. B 625, 333 (2005),Ee^th/0508105 



H. Jones and J. Mateo, quant-ph/0601188 



P. Dorey, C. Dunning, and R. Tateo, J. Phys. A 34, 5679 (2001), |E^th7oT03051 
K. C. Shin, Commun. Math. Phys. 229, 543 (2002), |math-ph/0201013 



3 



